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can not be taken as unambiguous evidence against the complex
formation hypothesis.

For a good fuel the requirements are a) high density;
b) low viscosity; and ¢) low surface tension.® Comparing the
results for hydrazine and mixed fuel given in Table 1, it can be
seen that mixed fuel is no better with respect to a and b,
however, it is a better choice from the viewpoint of c.

Data recorded in Table 3 show that the ignition delay is
longer in the case of mixed fuel as compared to hydrazine. This
is expected since ethyl alcohol partly inhibits the decomposition
of hydrazine. It is also observed that ignition delay increases
with the increase of ethyl alcohol concentration. However, the
delay can be reduced by the addition of hydrazinium nitrate
in the fuel. Thus, for 82 weight percent hydrazine it can be
reduced to 30 msec on adding hydrazinium nitrate.

The qualitative analysis of gaseous combustion products
indicated the presence of N,O, N H, NH; and N,. When the
mixed fuel is used the only additional product is aldehyde
produced by the oxidation of alcohol. This means that during the
combustion of mixed fuels simultaneous reactions take place.

The values of performance parameters recorded in Table 4
show that I_, Tc, and c* all decrease with decrease in hydrazine
content. The storability of the mixed fuel increases with the
decrease in the concentration of hydrazine. For practical pur-
poses, optimization would be necessary and judged from all
angles mixed fuel containing 70-80%, by weight of hydrazine
should be good enough. Table 5 shows the variation of specific
impulse with mixture ratio for a typical composition of the
mixed fuel. The results show that mixture ratio = 1.5 is the best.
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Introduction

IN physical problems, the concept of a locally stationary
process can be used to approximate nonstationary excitations

Received April 27, 1973.

Index categories: Aircraft Vibration; Structural Dynamic Analysis.
* Aerospace Engineer ; Directorate of Airframe Engineering.

+ Aerospace Engineer ; Directorate of Airframe Engineering.

TECHNICAL NOTES 229

when the average mstantaneous power is varymg slowly with
respect to memory time.! Using this concept, it is sometimes
possible to break up a nonstationary excitation into a number
of smaller samples that exhibit weakly stationary properties.

The response of a time-invariant linear system to this type of
nonstationary excitation follows from well known principles.
Analogous, in the probabilistic sense, to the transient (non-
stationary) and steady-state (weakly stationary) response to a
stationary excitation,” there is a transient and average (weakly
stationary) response to a nonstationary excitation.® The transient
response of a time-invariant linear system to a locally stationary
excitation is discussed in Ref. 4. Of interest here is the average
response.

It is noted that the average response to a locally stationary
excitation is of interest because it plays an important role in some
design studies. In aeronautical applications, for example, this
concept is used to approximate the nonstationary atmospheric
turbulence phenomenon, and military design specifications for
aircraft have been developed using this approach.

In the present Note, the average properties of the excitation
are determined by applying a time version of the usual treatment
of a sequence of random variables. This approach corresponds
to the singular case considered in Ref. 3 and appears to be
alluded to in Ref. 5. For a stationary process, this technique
leads to the usual theorems on ergodicity. The average response
properties follow by considering the average excitation as a
weakly stationary input.

General Concepts
In the present context, locally stationary means that a long
record x(t) of length T can be separated into a sequence of
distinct independent phases /x(z), j = 1,..., N, where each phase
lasts for a time AT; which is long enough to exhibit dominantly
weakly stationary properties. That is

x(t) =x(t) on (T, TJ] j=1...,N (1)
where
N
= Y AT, @
j=t1
and
A’I}=’I}—7}_1, j=1...,N 3)

If each phase is described by its mean p, its autocorrelation
/R, (1), and its distribution F (x), then these quantities are
given by the expected values

T = E[’x(1)] @)
IR (1) = E[’x(t+7)x(1)] 5
IF (x) = E[’z(] 6
where /z(t) is the process
o fLif x() < x
20 = {0, if Ix(1) > x @

and x is an arbitrary but fixed constant.

One approach to determining the average statistical properties
of x(¢) is to formulate the over-all properties of the sequence of
time dependent random variables x(f), j = 1,..., N.To illustrate,
consider the time average

1 T
x(t) = = 8
x(t) T.L x(r)de ®)
of the given process x(t). Clearly, from Eq. (1),

x@——zj’

Tj-1

Ix(r)dt )

where x(t) is a random variable.

Equation (9) is a time version of the estimate of the sample
mean for a sequence of random variables. Therefore, the over-all
mean is the expected value of Eq. (9). That is,

E[x(t)]z%z J " D) de (10)

j=1JdTj
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where the order of the expected value and the time average are
interchanged.

Equation (10) is the most likely or average mean value of
x(t). Noting that the integrand in this equation is constant for
a locally stationary process, it follows from Egs. (3) and (4) that

— 1T AT, (11)
j 1
where ji, = E[x(t)]. The average value given by Eq. (11) is time-
invariant and thus has the properties of a stationary process.
The contributions of the phases ‘u_ are weighted according to
their relative times of occurrence AT,/T.

The average autocorrelation and distribution follow in much
the same way. These quantities are also time-invariant weighted
average values and are obtained by taking expected values of time
averages that represent sample estimates.

The average autocorrelation is given by

N Tji—t . .

E[x(t+1)x()] = = Z J E[x(t+7)ix(t)]dr  (12)
Ti=1dr j=1

where E[x(t+1)x(t)] is the expected value of the sample estimate

of the autocorrelation for a sequence of time dependent random

variables. Letting R (1) = E[x(t+1)x(t)] and using Egs. (3) and

(5) in Eq. (12) gives the weighted average value

R(t)=- Z AT,’R (1) (13)
] 1
where /R,(t) =0 for > AT;and T > .
The average distribution 1s obtained from

E[z(] = Z
J 1JTj-
where E[z(t)] is the expected value of the average time that x(1)
remains below the line x(t) = x. Using Eqgs. (3) and (6) in Eq. (14)
gives the weighted average value

E[’z(8)] dt (14)

P9 =1 3 ATF,) (19
j=1

where F (x) = E[z()].

Since the phases /x(t), j=1,...,N, are assumed weakly
stationary, Eqs. (11, 13, and 15) completely describe the given
process x(f). Additional properties such as the mean square,
variance, and power-spectrum can be derived from these
equations and will also be time-invariant weighted average
values. The average variance is given by

=R 0)-4> (16)
where R _(0) is the average mean square value obtained by setting

7 =0 in Eq. (13). The average power-spectrum and the average
autocorrelation are the Fourier transform pair

S ()= jw R (t)e ™' dr an

R ()= ir S () e do> (18)

where § (w) denotes the average power-spectrum.

Response
Suppose that the given process x(t), described by Eqs. (1-7),
is the excitation (input) to a time-invariant linear system.
The corresponding response (output) can be expressed by

) = J h(@)x(t—0)do 19)
where h(t) is the system’s impulsive response function.

Since the average excitation properties are characteristic of a
weakly stationary process, the corresponding average response
properties are also characteristic of a weakly stationary process.
That is, the average response properties can be obtained by the
usual stationary relationships, provided that the average excita-
tion properties are used to represent the input process [see
Egs. (20-26)]. This can be shown by taking the expected values
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of the appropriate time averages (sample estimates) for the
process y(t), and leads to the conclusion that the average
response properties are also time-invariant weighted average
values.

Thus, the average mean ji,, the average autocorrelation R (7),
and the average distribution i' ,(y) completely describe the process
y(t) and are given by

= H()a, (20)

Ry(z) = %J‘ |H(w)|S () e dew (21)
1 X .

F(y= T ;1 ATF (y) (22)

where H(w) is the system’s complex frequency response function.
In Eq. (22), ’F ) represents the output distribution that cor-
responds to the x(z) phase. Unfortunately, it is not generally
possible to express /F (y) in terms of /F _(x) unless the phases are
considered locally gauss1an

The average mean square o and the average power-
spectrum S () of the response are glven by

= R,0)- 7, (23)
N (w) = |H(0)|*S(®) (24)
where R (0) is the average mean square obtained by setting t =0

in Eq. (51) Clearly, §(w) and R (r) are the Fourier transform
pair

S (w) = J‘w Ry(w)e"i“" dr (25)
Ry(r) = 517; J‘w S (w) e dw (26)
Closure

In some applications, the excitation x(t) represents the inter-
mittent or repeated application of several distinct independent
phenomena—say x, (¢) and x,(¢) for stmplicity. For this case it
is sometimes possible to approximate x(t) by choosing locally
stationary phases such that

x®on(T,_, T, i=1,..1
x(O) =, on (T, T), j=1..m 27)
x,(0)+x,(0)] on (T, T,], k=1,...,n
where
1 m n
N=l+m+n T=) AT+ ) AT+ ¥ AT,
k=1

i=1 i=1
and
AT, =T-T_, AT,=T-T,, AT,=T-T_,

It can be shown that in thls case, Eq. (11) can be expressed in
the form

ﬁx =p1iﬂxl+p2jﬁx2+p1,2(kﬂx1+kﬁxz) (28)
where

ATE[xl(t)]/Z AT,
(t)]/Z AT,

AT;E[’x,()])/ Z AT,

[
Z
i, = Z
Z
i= i=
A, = Z AT, E["Xz(t)]/z AT,
k=1 k=1
and where the time fractions
1 |
= -V AT, = - .
Py Ti; b P T,.; AT;
and

1 n
P12~ i‘gl AT,
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are the relative frequencies or probabilities of occurrence of
x,(t) alone, x,(¢) alone, and x,(t)+ x,(f), respectively. Clearly,
1 = p,+p,+p, , is the probability of an event certain to occur.
In terms of cumulative frequencies or probabilities of
occurrence, Eq. (28) reduces to
e =Py Py, P2 By, (29)
where
i, = P, ‘ﬂx; +Py2 kﬂxl)/ﬁl’ a,= (szﬂxZ‘Jf‘PLzhﬂxz)/ﬁz
and where the time fractions p, = p,+p, , and p, =p,+p, ,
are the probabilities of occurrence of x,(¢) or x,(f)+ x,(t) and
x,(2) or x,(t)+ x,(¢t), respectively.

Further development of this case is left to the interested
reader. It is important to note, however, that setting p, , =0
implies that x, (f) and x,(f) are mutually exclusive 1009 of the
time, and setting p, , = 1 implies x, (¢} and x,(t) act concurrently
100%; of the time. The former case illustrates how to resolve x(t)
into mutually exclusive components, and the latter case leads to
the principle of linear superposition. Finally, it should be noted
that the p and p values are discrete and can also be determined
by counting occurrences.
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On the Accuracy of the Taylor
Approximation for Structure Resizing

OLAF O. STORAASLI* AND JAROSLAW SOBIESZCZANSKIT
NASA Langley Research Center, Hampton, Va.

Introduction
ONDUCTING full analyses each time a structure is modi-

fied (ie., structural elements resized, material properties'

changed) makes the repetitive design process costly. Thus, several
“short cut” structural modification algorithms!~3 have been
proposed. Their common drawback is that it becomes more
economical to reanalyze the complete new structure rather than
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Q
ELEMENT REFERRED TO
IN TABLE1

SHADING AND DOUBLE HEAVY LINES
SHOW TYPICAL STRUCTURAL ELEMENTS
BEING MODIFIED

Fig.1 Fuselage midsection.

to use the modification method even when only a relatively
small number of elements are modified. However, use of the
Taylor expansion* for structural resizing is applicable to
modifications involving a large number of structural members,
ultimatelyeven resizing all elements of a structure simultaneously.
Since it is an approximate method, the potential it offers hinges
on its accuracy. Therefore, results of a series of numerical
experiments to test the method’s accuracy were obtained for a
large complex structure, the midsection of an idealized aircraft
fuselage (Fig. 1). A more detailed description of the method and
its application is found in Ref. §.

Method

The pertinent equations are the familiar load {L}, deflection
{u}, equation

[K){u} = {L} 0))
its derivative with respect to the design variable V;
[K]@{u}/oV) = — (O[K]/oV)){u} @
and the first-order Taylor expansion for the displacements
{4} modified = {Worigina1 + (6 {u}/0V)- AV ()

Note that the stiffness matrix, [K], is a function of the design
variables, V; (ie., thickness, area, or any stiffness property of
individual finite element), however, {L} is considered inde-
pendent of V; thus neglecting dead load.

Considering the formal similarity of Eqgs. (1) and (2), one
may obtain gradients, d{u}/0V; by repeating only the back
substitution (at 1/39th the cost of reanalysis in this case)
portion of the original solution of Eq. (1) with the right-hand
side of Eq. (2) playing the role of a pseudo load.
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Fig. 2 Accuracy of Taylor expansion for resized skin elements.



